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Abstract. We consider a simple cubic lattice self-avoiding walk model of 3-star polymers
adsorbed at a surface and then desorbed by pulling with an externally applied force. We determine
rigorously the free energy of the model in terms of properties of a self-avoiding walk, and show
that the phase diagram includes 4 phases, namely a ballistic phase where the extension normal to
the surface is linear in the length, an adsorbed phase and a mixed phase, in addition to the free
phase where the model is neither adsorbed nor ballistic. In the adsorbed phase all three branches
or arms of the star are adsorbed at the surface. In the ballistic phase two arms of the star are
pulled into a ballistic phase, while the remaining arm is in a free phase. In the mixed phase two
arms in the star are adsorbed while the third arm is ballistic. The phase boundaries separating
the ballistic and mixed phases, and the adsorbed and mixed phases, are both first order phase
transitions. The presence of the mixed phase is interesting because it doesn’t occur for pulled,
adsorbed self-avoiding walks. In an atomic force microscopy experiment it would appear as an
additional phase transition as a function of force.
PACS numbers: 82.35.Lr,82.35.Gh,61.25.Hq
AMS classification scheme numbers: 82B41, 82B80, 65C05
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1. Introduction
The standard model of linear polymers in dilute solution in a good solvent is self-avoiding walks
[6, 14, 24]. If the walk is attached to a surface at which it can adsorb then we know that the model
has an adsorption transition where the free energy is non-analytic. There is a critical temperature
below which the walk is adsorbed at the surface and the fraction of vertices in the surface is non-
zero. Above this temperature the walk is desorbed [7]. For numerical estimates of the location of
the transition see for instance [5, 16] and references therein.
In the last few years there has been considerable interest in how self-avoiding walks respond
to a force [1, 3, 11, 12, 15, 18], for instance as a model of polymers subjected to forces in atomic
force microscopy [10, 33]. For a review see [26]. A particularly interesting situation is when the
walk is adsorbed at a surface and is then desorbed by a force applied at the last vertex of the walk
[5, 17, 21, 22, 25]. For related work see for instance [28] and [29]. There are interesting similarities
and differences when the force is applied in different ways [19, 20]. In the next section we give a
brief review of the available results.
A natural question that arises is how the architecture of a polymer affects its properties. This
was investigated for lattice polygons (a model of ring polymers) [4] and we have a fairly complete
understanding of the behaviour in three dimensions. Beaton [2] has given an essentially complete
solution for staircase polygons in two dimensions. In this paper we look at the problem of uniform
3-star polymers in Z3 desorbed from a surface by an applied force and with a vertex of degree 1
attached to an adsorbing 2-dimensional lattice plane, and pulled at another vertex of degree 1. This
is schematically illustrated in figure 1.
A star with f arms, or an f -arm star, is a connected graph with no cycles, one vertex of degree
f and f vertices of degree 1. A star with f arms is also called an f -star and it is embedded in
Z
d if each arm is a self-avoiding walk and if the arms are mutually avoiding in the lattice. In this
case it is a lattice star (or, in this paper, a star). An arm is also called a branch and we use the
terms interchangeably. A lattice star is uniform if all arms have the same number of edges. We
shall count embeddings in the hypercubic lattice, Zd, of lattice stars with one end-vertex of degree
1 fixed at the origin. Write s
(f)
n for the number of such embeddings with a total of n edges. Note
that f must divide n. For the d-dimensional hypercubic lattice Zd with f = 3, . . . , 2d, we know
that [32]
lim
n→∞
1
n log s
(f)
n = log µd (1)
where µd is the growth constant of the d-dimensional hypercubic lattice (and the limit n → ∞ is
taken through n = fm (multiples of f in N)). The growth constant is defined precisely in Section 2.
We shall usually omit the words uniform and lattice since we shall be concerned almost exclusively
with uniform stars embedded in Zd.
Denote by (x1, x2, x3) the coordinates of a vertex in Z
3. All the vertices have integer
coordinates. The adsorbing plane in Z3 is the plane x3 = 0. We are primarily concerned with
3-stars with a vertex of degree 1 in the adsorbing plane (attached at the origin). The adsorbing
plane divides the lattice and the star is confined to the upper half-lattice where it is pulled from
another vertex of degree 1 by a vertical force f (in the x3-direction).
If the star has v + 1 vertices in x3 = 0 (these are visits in the adsorbing plane), then it is
weighted by a factor av. The height of the vertex where the star is pulled by a force is denoted by
h and the star will be weighted by a factor yh. We shall write s
(f)
n (v, h) for the number of f -stars
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Figure 1. A 3-star in the square lattice. The star is fixed at the origin in a vertex of degree 1,
and pulled by a vertical force f at another vertex of degree 1. Vertices in the star bind to the
horizontal adsorbing line with activity or weight a. These are visits of the star to the adsorbing
line and there are v = 6 visits in this case. The height of the pulled vertex is denoted by h and
in this case h = 7.
with these conditions. Define the partition function
S(f)n (a, y) =
∑
v,h
s(f)n (v, h) a
vyh. (2)
Our aim is to determine the free energy
σ(f)(a, y) = lim
n→∞
1
n logS
(f)
n (a, y) (3)
in terms of properties of self-avoiding walks, and hence determine features of the phase diagram in
the (a, y)-plane. We do this, in particular, for adsorbing and pulled 3-stars.
2. A brief review
This section is mainly concerned with self-avoiding walks adsorbed at a surface and pulled at an
end-point. This corresponds to the f = 1 case for stars, i.e. stars with only one arm.
Vertices in Zd have coordinates (x1, x2, . . . xd), xi ∈ Z. Write cn for the number of n-edge
self-avoiding walks starting at the origin. Then [6]
log d ≤ lim
n→∞
1
n log cn = logµd ≤ log(2d− 1) (4)
where µd is the growth constant of the self-avoiding walk. If every vertex of the walk has non-
negative xd-coordinate we call the walk a positive walk and write c
+
n for the number of n-edge
positive walks. Suppose that c+n (v, h) is the number of n-edge positive walks with v + 1 vertices in
the hyperplane xd = 0 and with the xd-coordinate of the last vertex equal to h. We say that the
walk has v visits and the last vertex has height equal to h. Define the partition function
C+n (a, y) =
∑
v,h
c+n (v, h)a
vyh. (5)
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Then the free energy
ψ(a, y) = lim
n→∞
n−1 logC+n (a, y) (6)
exists [17].
When y = 1 (so that there is no force) ψ(a, 1) = κ(a), the free energy of an adsorbing walk [7].
When a = 1 (so that there is no interaction with the surface) ψ(1, y) = λ(y), the free energy of a
pulled walk [1, 11, 12, 15]. There exists a critical value of a, ac > 1, such that κ(a) = logµd when
a ≤ ac and κ(a) > logµd when a > ac, so that κ(a) is singular at a = ac > 1 [7, 13, 23]. Similarly
λ(y) is singular at y = 1 [1, 11] and the walk is in a ballistic phase when y > 1. Moreover, it is
known [17] that
ψ(a, y) = max[κ(a), λ(y)] (7)
and, in particular, ψ(a, y) = logµd when a ≤ ac and y ≤ 1. The case y < 1 corresponds to a force
directed towards the surface. For a > ac and y > 1 there is a phase boundary in the (a, y)-plane
along the curve given by κ(a) = λ(y). This phase transition is first order [5].
The free energy of adsorbing walks pulled at their highest vertices was examined in reference
[19]. If cn(v, h) is the number of positive walks from the origin with length n, making v visits, and
with span in the xd-direction (or height of the highest vertices) equal to h, and partition function
Cn(a, y), then the free energy is
ψ(a, y) = lim
n→∞
1
n
logCn(a, y) = lim
n→∞
1
n
logC+n (a, y). (8)
In other words, the free energies of adsorbing walks pulled at their endpoints, or pulled at their
highest vertices, are equal to ψ(a, y). See theorem 1 in reference [19].
3. Uniform 3-stars pulled from an adsorbing surface
In this section we shall investigate the situation for 3-stars, attached at the origin in the x3 = 0
plane (which is the adsorbing surface) in Z3 at a vertex of unit degree, confined to the half-space
x3 ≥ 0, and pulled, normal to the surface, at another vertex of unit degree. The aim is to compute
the (limiting) free energy σ(3)(a, y) as a function of the interaction with the surface and the applied
force. Our strategy is to find matching upper and lower bounds. Lower bounds are obtained by
strategy bounds; that is, by finding classes of 3-stars that give a tight lower bound. Upper bounds
are in general obtained by treating the arms of the stars as being independent except when one
arm shields another from the surface (as happens in two dimensions).
In d dimensions strategy bounds are obtained by
(i) working with bridges [24] so that the two vertices of degree 1 have largest and smallest xd-
coordinates,
(ii) working with walks or bridges unfolded [8] in other coordinate directions,
(iii) working with loops (see section 7.1.4 in reference [14] and sections 4 and 5 in reference [4]),
and
(iv) working with walks confined to wedges so that the walks do not interact with one another
[9, 30].
For an n-edge self-avoiding walk number the vertices k = 0, 1, . . . n. We write xi(k) for the ith
coordinate of the kth vertex.
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An n-edge self-avoiding walk is a bridge if xd(0) ≤ xd(k) < xd(n) for all 1 ≤ k ≤ n− 1. If we
write bn for the number of n-edge bridges then [8]
bn ≤ cn ≤ bneO(
√
n). (9)
We say that an n-edge self-avoiding walk is unfolded in the xj-direction [8] if xj(0) ≤ xj(k) ≤ xj(n)
for all 1 ≤ k ≤ n− 1. Notice that a bridge is a walk unfolded in the xd-direction.
An n-edge self-avoiding walk is a loop if xd(0) = xd(n) = 0 ≤ xd(k) for all 1 ≤ k ≤ n− 1 and
is an unfolded loop if, in addition, x1(0) ≤ x1(k) ≤ x1(n) for all 1 ≤ k ≤ n − 1. If the number
of loops of length n is denoted by ℓn, and the number of unfolded loops by ℓ
†
n then it is known
that ℓ†n ≤ ℓn ≤ cn and ℓ†n = µn+o(n)d so that limn→∞ 1n log ℓ†n = limn→∞ 1n log ℓn = logµd (see, for
example, theorem 7.6 in reference [14]).
3.1. Stars when d ≥ 3
In this section we concentrate on the three dimensional case, d = 3. At the end of the section we
make some comments about the extension to d ≥ 4.
The model for 3-stars is shown in figure 1, and in the cubic lattice this generalizes to f -stars
with 3 ≤ f ≤ 6. The stars have one vertex of degree 1 fixed at the origin (in the adsorbing plane),
are confined to the positive half-lattice, and are pulled by a force f at another vertex of degree 1.
The force f is related to the pulling activity y by y = ef/kBT where kB is Boltzmann’s constant and
T is the absolute temperature. In figure 2 a schematic diagram is shown for a 6-star lattice polymer
pulled by one end-vertex and attached to the origin in the adsorbing plane at another vertex.
We shall need several Lemmas.
Lemma 1 (Whittington and Soteros 1991 [31], Soteros 1992 [30]). If 3 ≤ f ≤ 6 and d = 3 the free
energy of adsorbing f -stars is given by
σ(f)(a, 1) = κ(a)
where κ(a) is the free energy of an adsorbing walk [7]. 
In order to prove the next lemma, a short digression on adsorbing and pulled bridges is needed.
A bridge of length n and end-point at height h can be unfolded in the x1-direction to obtain an
unfolded bridge [8] of length n and height h. If bn(h) is the number of bridges from the origin of
length n and endpoint at height h, and b†n(h) is the number of unfolded bridges of length n and
height h then b†n(h) ≤ bn(h) ≤ eo(n)b†n(h). By theorems 1 and 3 in reference [18] this, in particular,
shows that, if the partition function of a pulled unfolded bridge is B†n(y) =
∑
h b
†
n(h) y
h, then
lim
n→∞
1
n logB
†
n(y) = λ(y). (10)
This result is now used to prove lemma 2.
Lemma 2. When there is no interaction with the surface (a = 1) or a repulsive interaction with
the surface (a < 1), the free energy of stars when 3 ≤ f ≤ 6 and d = 3 is given by
σ(f)(a, y) = 2
f
λ(y) +
f−2
f
logµ3.
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Figure 2. A 6-star in the half cubic lattice decomposed as two pulled unfolded bridges to the
left of the vertical dividing plane (dashed line), and four self-avoiding walks to the right of the
dividing plane. The walks to the right are confined to disjoint infinite wedges in the upper half-
space of the cubic lattice. The geometry about the central vertex of the the star is as illustrated,
and arms can be removed to form f -stars with 3 ≤ f ≤ 6.
Proof: First consider the case a = 1 and write n = fm. A pulled uniform f -star of length fm can
be decomposed into a pulled walk from the origin of length 2m, and f − 2 remaining branches or
arms each of length m. This shows that
lim sup
m→∞
1
fm
logS
(f)
fm(1, y) ≤ 2f λ(y) +
f−2
f
logµ3.
A lower bound is found by creating a pulled f -star from pulled unfolded walks and bridges.
A pulled f -star can be decomposed as shown in figure 2 into two pulled unfolded bridges and
f − 2 self-avoiding walks confined in disjoint infinite wedges in the cubic lattice that avoid the
x3 = 0 plane. In figure 2 the schematic is for a 6-star; see for example section 11.5 in reference [14]
for more general results. Notice the geometry of the arms of the star close to the central vertex
as shown in figure 2. Since the growth constant for self-avoiding walks of length m in an infinite
wedge is µ3 [9], the result is that
lim inf
m→∞
1
fm
logS
(f)
fm(1, y) ≥ 2f λ(y) +
f−2
f
logµ3.
It remains to consider the case that a < 1. A lower bound on S
(f)
fm(0, y) is obtained as in figure
2, by decomposing the star into bridges and walks, but now with the only difference that there are
no visits to the adsorbing plane. The arms on the left are bridges, while those on the right are
walks in infinite wedges in the cubic lattice. By removing some of these arms, stars with 3 ≤ f ≤ 6
can be created. This shows that
lim inf
n→∞
1
fm
logS
(f)
fm(0, y) ≥ 2f λ(y) +
f−2
f
logµ3.
By monotonicity S
(f)
fm(0, y) ≤ S
(f)
fm(a, y) ≤ S
(f)
fm(1, y) if 0 < a < 1. This completes the proof. 
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Figure 3. The cases for finding a strategy lower bound on the free energy of pulled and adsorbing
3-stars in the cubic lattice.
If b†n(v, h) is the number of unfolded bridges with v visits and height h, then the unfolded
adsorbing bridge partition function is given by
B†n(a, y) =
n∑
v=0
n∑
h=0
b†n(v, h) a
vyh. (11)
It is known that limn→∞
1
n
logB†n(1, y) = λ(y) (see equation (22) in reference [20]). Since
B†n(0, y) = B
†
n−1(1, y), it follows that
lim
n→∞
1
n
logB†n(a, y) = λ(y), for all 0 ≤ a ≤ 1, (12)
by monotonicity.
3.2. Lower bounds on the free energy for 3-stars in 3 dimensions
In lemma 2 the free energy of adsorbing f -stars is given for y > 0 and 0 ≤ a ≤ 1. We next
examine lower bounds on the free energy, particularly when a ≥ 1 and y ≥ 1. The lower bounds
are constructed using strategy arguments. The cases that need to be considered are shown in figure
3 and are, from the left, a case where only one of the arms of the star has vertices in the adsorbing
plane, two cases where two arms have vertices in the adsorbing plane, and then one case where all
three arms have vertices in the adsorbing plane.
In this section assume that n = fm with f = 3, and all limits n → ∞ are taken through
multiples of 3, namely n = 3m and m→∞.
Lemma 3. If a ≥ 1, then lim inf
n→∞
1
n
logS(3)n (a, y) ≥ 13 [2λ(y) + log µ3].
Proof: This bound is a consequence of case (a) in figure 3. By monotonicity S
(3)
n (a, y) ≥ S(3)n (1, y)
for a ≥ 1 so that
lim inf
n→∞
1
n
logS(3)n (a, y) ≥ σ(3)(1, y).
Then using Lemma 2 with a = 1 and f = 3 gives the required result. 
Lemma 4. If a ≥ 1, y ≥ 1 and d = 3 then lim inf
n→∞
1
n
logS(3)n (a, y) ≥ 13 [2κ(a) + λ(y)].
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Proof: This comes from a special version of case (b) in figure 3. Write n = 3m. Consider a loop
with m edges unfolded in the x1 and x2-directions so that it is confined to the octant x1 ≤ 0,
x2 > 0 and x3 ≥ 0 except that the loop starts at the origin and the first edge steps along the
positive x2-axis. Similarly consider a loop with m edges unfolded in the x1 and x2-directions so
that it is confined to the octant x1 ≤ 0, x2 < 0 and x3 ≥ 0 except that the loop starts at the origin
and the first edge steps along the negative x2-axis. These two loops together form a loop with 2m
edges that avoids the half-space x1 > 0. Their combined contribution to the free energy is
2
3κ(a)
[7]. Now add a bridge with m edges, unfolded in the x1-direction, starting at the origin, having its
first edge along the positive x3-axis and its second edge from (0, 0, 1) to (1, 0, 1), so that it otherwise
avoids the half-space x1 ≤ 0. This unfolded bridge contributes 13λ(y) to the total free energy and
adding these terms completes the proof (by equation (12), since the bridge has no visits). 
Lemma 5. If a ≥ 1, y ≥ 1 and d = 3 then lim inf
n→∞
1
n
logS(3)n (a, y) ≥ κ(a).
Proof: This bound is a consequence of case (d) in figure 3. By monotonicity S
(3)
n (a, y) ≥ S(3)n (a, 1)
for y ≥ 1 so that
lim inf
n→∞
1
n
logS(3)n (a, y) ≥ σ(3)(a, 1).
Then using Lemma 1 with f = 3 gives the required result. 
These three lower bounds, taken together, prove the following result:
Lemma 6. When a ≥ 1, y ≥ 1 and d = 3
lim inf
n→∞
1
n
logS(3)n (a, y) ≥ max
[
1
3
[2λ(y) + logµ3],
1
3
[2κ(a) + λ(y)], κ(a)
]
.
Considering case (c) in figure 3 does not give a useful bound.
3.3. Upper bounds on the free energy for 3-stars in 3 dimensions
To obtain upper bounds corresponding to the lower bounds derived in the last section we use a
case analysis, as sketched in figure 3. We again consider in turn the cases where exactly one, two
or three of the branches have vertices in the plane x3 = 0. As before, n = fm with f = 3, and all
limits n→∞ are taken through multiples of 3, namely n = 3m and m→∞.
Lemma 7. When f = 3 and d = 3, if exactly one branch has vertices in x3 = 0 then the contribution
to the free energy is at most 13 (max[κ(a), λ(y)] + λ(y) + logµ3) .
Proof: This case corresponds to case (a) in figure 3. We obtain an upper bound by considering the
two branches from the origin to the vertex at which the force is applied as independent of the third
branch. Of the first two branches only one can have vertices in x3 = 0 so together they contribute
1
3 (max[κ(a), λ(y)] + λ(y)) to the free energy and the third branch contributes
1
3 logµ3 since it is
not subject to the force and has no vertices in x3 = 0. This proves the lemma. 
When two branches have vertices in x3 = 0 (see figure 3(b) and (c)) we have to consider two
subcases:
(i) when the vertex at which the force is applied is not in a branch with vertices in x3 = 0, and
(ii) when the vertex at which the force is applied is in a branch with vertices in x3 = 0.
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Lemma 8. When f = 3 and d = 3, if exactly two branches have vertices in x3 = 0 and the vertex
at which the force is applied is not in a branch with vertices in x3 = 0 then the contribution to the
free energy is at most 13
(
max[2κ(a), 2λ(
√
y)] + λ(y)
)
.
Proof: This corresponds to case (b) in figure 3. Since the branch at which the force is applied does
not have vertices in x3 = 0 it contributes
1
3λ(y) to the free energy. The other two branches form
a loop (which is being pulled) together with vertices in the surface x3 = 0. The free energy
of a pulled loop is λ(
√
y) (see reference [4]), and so this gives a free energy bounded above
by a linear combination of 23λ(
√
y) and 23κ(a). This linear combination is bounded above by
2
3 max[λ(
√
y), κ(a)]. Adding these terms gives the required upper bound. 
Lemma 9. When f = 3 and d = 3, if exactly two branches have vertices in x3 = 0 and the vertex
at which the force is applied is in a branch with vertices in x3 = 0 then the contribution to the free
energy is at most 13 (max[κ(a), λ(y)] + κ(a) + logµ3) .
Proof: This corresponds to case (c) in figure 3. Since the branch at which the force is applied has
at least one vertex in the plane x3 = 0 the free energy contribution from this branch is at most
1
3 max[κ(a), λ(y)]. The branch containing the origin contributes at most
1
3κ(a). The remaining
branch is not subject to a force and has no vertices in x3 = 0 and so contributes
1
3 logµ3. Adding
these three terms gives the required upper bound. 
The final case to be considered is when all three branches have vertices in x3 = 0.
Lemma 10. When f = 3 and d = 3, if all three branches have vertices in x3 = 0 then the
contribution to the free energy is at most 13 (2κ(a) + max[κ(a), λ(y)]) .
Proof: This corresponds to case (d) in figure 3. Since all three branches have vertices in x3 = 0,
in particular the branch at which the force is applied has vertices in x3 = 0. The maximum
contribution to the free energy from this branch is 13 max[κ(a), λ(y)]. The other two branches are
not under tension so they each contribute a maximum of 13κ(a). Adding these three terms gives
the required bound. 
Since a ≥ 1 and y ≥ 1, κ(a) ≥ logµ3 and λ(y) ≥ logµ3. In addition, since λ(y) is a convex
function of log y,
λ(
√
y) ≤ 12 (λ(y) + logµ3). (13)
Using these results and the results of the last three lemmas gives the following result:
Lemma 11. When a ≥ 1, y ≥ 1, f = 3 and d = 3 then
lim sup
n→∞
1
n
logS(3)n (a, y) ≤ max[κ(a), 13 (2λ(y) + logµ3), 13 (λ(y) + 2κ(a))].
These upper bounds exactly match the lower bounds in lemma 6 giving the result
Theorem 1. When a ≥ 1, y ≥ 1, f = 3 and d = 3 then
lim
n→∞
1
n
logS(3)n (a, y) = σ
(3)(a, y) = max[κ(a), 13 (2λ(y) + logµ3),
1
3 (λ(y) + 2κ(a))].
The extension of these results from d = 3 to d ≥ 3 produces no new complications. However,
the extension to d = 2 is not trivial because branches can shield other branches from the surface.
Some of the free energy bounds when d = 2 will be different from those for d ≥ 3.
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3.4. 3-stars with the force directed towards the surface
In this section we examine the situation when the force is directed towards the surface so that
y < 1. Our primary result is the following theorem:
Theorem 2. When d = 3, f = 3 and y ≤ 1 the free energy is equal to κ(a). In particular, when
y ≤ 1 and a ≤ ac the free energy is logµ3.
Proof: When y = 1 the free energy is equal to σ(3)(a, 1) = κ(a). By monotonicity
lim sup
n→∞
1
n
logS(3)n (a, y) ≤ κ(a) (14)
for all y < 1. To get a lower bound we look at the situation when y = 0, so that the vertex at
which the force is applied is in x3 = 0, and use monotonicity in y. Consider stars with two vertices
of degree 1 and the vertex of degree 3 in x3 = 0. (The force is applied at one of these vertices of
degree 1.) The star can be thought of as two loops and one positive walk starting at the origin. By
a construction similar to that used in the proof of lemma 4 we see that κ(a) is a lower bound on
the free energy, completing the proof. 
4. The phase diagram
The results given above give a considerable amount of information about the phase diagram in the
(a, y)-plane for 3-stars in the simple cubic lattice.
If a < ac and y < 1 the free energy is logµ3 and we have a free phase. If a > ac and λ(y) < κ(a)
the free energy is κ(a) and we have an adsorbed phase. If y > 1 and λ(y) > 2κ(a)− logµ3 the free
energy is 13 (2λ(y) + logµ3) and we have a ballistic phase. If 2κ(a)− logµ3 > λ(y) > κ(a) then the
free energy is 13 (2κ(a) + λ(y)) and we have a mixed phase. Note that the free energy depends only
on y in the ballistic phase, only on a in the adsorbed phase but on both a and y in the mixed phase.
The phase boundary between the free phase and the adsorbed phase is given by a = ac, the
adsorption critical point for self-avoiding walks. The phase boundary between the free phase and
the ballistic phase is given by y = 1, the ballistic critical point for pulled walks. Between the
adsorbed phase and the mixed phase there is a phase boundary y = y1(a) (for a ≥ ac) given by the
solution of
λ(y) = κ(a), for a ≥ ac, (15)
and since λ(y) is monotonic increasing when y > 1, this shows that y1(a) = λ
−1(κ(a)).
The phase boundary y = y2(a) separating the mixed and ballistic phases is similarly given by
the solution of
λ(y) = 2κ(a)− logµ3, for a ≥ ac, (16)
and this is given by y2(a) = λ
−1(2κ(a)− logµ3).
The phase diagram is shown schematically in figure 4. Notice that asymptotically λ(y) ∼ log y
[17] and κ(a) ∼ log a+ logµ2 [17, 27]. This shows that, for a large,
y1(a) ∼ µ2 a, between the adsorbed and mixed phases; (17)
y2(a) ∼
(
µ2
2
µ3
)
a2, between the mixed and ballistic phases. (18)
Since σ(3)(a, y) is a constant function of a for fixed y in the ballistic phase, and a constant function
of y for fixed a in the adsorbed phase, both the phase boundaries y1(a) and y2(a) correspond to
first order phase transitions in the model. To see this, we observe the following:
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Figure 4. The phase diagram in the (a, y)-plane for 3-stars on the simple cubic lattice. There
are four phases: a free phase, a ballistic phase, an adsorbed phase and a mixed phase. In the
mixed phase the free energy depends on both a and y.
(i) Since κ(a) and λ(y) are convex functions of log a and log y respectively [7, 17], they are
differentiable almost everywhere and have left and right derivatives everywhere.
(ii) y1(a) > 1 for all a > ac, the free energy is independent of y in the adsorbed phase and is equal
to 13 (2κ(a) +λ(y)) in the mixed phase so its left partial derivative with respect to y is positive
throughout this phase. Therefore the left partial derivative of the free energy with respect to
y has a jump discontinuity on the phase boundary y = y1(a).
(iii) In a similar way, y2(a) > 1 for all a > ac, the free energy is independent of a in the ballistic
phase and is equal to 13 (2κ(a)+λ(y)) in the mixed phase so its left partial derivative with respect
to a is positive throughout this phase. Therefore the left partial derivative with respect to a
of the free energy has a jump discontinuity on the phase boundary y = y2(a).
In order to switch to the force-temperature plane we write y = exp[f/kBT ] and a = exp[1/kBT ]
where f is the applied force, T is the absolute temperature and kB is Boltzmann’s constant. At
low temperature the phase boundary between the adsorbed and mixed phases behaves as
f = f1(T ) ≃ 1 + (log µ2)kBT (19)
and the phase boundary between the ballistic and mixed phases behaves as
f = f2(T ) ≃ 2 + (2 logµ2 − logµ3)kBT. (20)
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Since µ22 > µ3 both phase boundaries are re-entrant and limT→0
d
dT fj(T ) > 0 for j = 1 and 2. This
is associated with a loss of entropy in going from the adsorbed phase to the mixed phase and from
the mixed phase to the ballistic phase.
5. Discussion
We have investigated rigorously the behaviour of uniform 3-stars on the simple cubic lattice, with
a vertex of degree 1 in the surface at which they can adsorb, and pulled at another vertex of degree
1. We have established the dependence of the free energy on the parameters a and y, related to
the interaction strength with the surface and the applied force, and the resulting phase diagram in
the (a, y)-plane. There are four phases: a free phase where the free energy is constant, a ballistic
phase where the free energy depends only on y, an adsorbed phase where the free energy depends
only on a, and a mixed phase where it depends on both a and y. Mixed phases have been seen
in a two dimensional directed model of adsorbing polygons subject to a force [2] and have been
predicted numerically for a similar model for self-avoiding polygons in two dimensions [4]. They
can also occur when an adsorbed self-avoiding walk is pulled at an interior vertex [20].
We believe that this is the first case in which a phase diagram with a mixed phase has been
rigorously established in complete detail for a non-directed self-avoiding walk model of a polymer.
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